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A bstruct: We present a new fourth-order finite difference method based on uniform mesh for the (weakly) singular 
two-point boundary value problem: ( xay’)’ = f( x, y), 0 < x Q 1, y(O) = A, y(l) = B, 0 < (Y < 1. Our method provides 
0( h4)-convergent approximations for all a E (0,l); for a = 0 it reduces to the well-known fourth-order method of 
Numerov for y”= f(x, y). 
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1. Introduction 
Consider the (weakly) singular two-point boundary-value problem: 
(xay’)’ =f(x, y), 0 <x < 1, 
~(0) = A, y(l) = B. 
(1) 
Here, (Y E (0, 1) and A, B are finite constants. We assume that, for (x, y) E {[0, l] X R}, 
f(x, y) is continuous, af/ay exists and is continuous and af/ay k 0. Recently, Chawla and 
Katti [l] described a new finite difference method for the singular two-point boundary-value 
problem (1) which was based on uniform mesh and, under quite general conditions on f, was 
shown to provide 0( h2)-convergent approximations for all (Y E (0, 1). This method was based on 
one evaluation of f and for (Y = 0 it reduces to the classical second-order method for y” = f (x, y ). 
Singular boundary-value problems have been considered by various authors; some of these 
works are mentioned in the introductions to our earlier papers [l] and [2]. In addition, we note 
the interesting work of De Hoog and Weiss [3] who examined the application of collocation 
methods based on piecewise polynomials to the numerical solution of boundary-value problems 
for systems of ordinary differential equations with singularity of the first kind. The schemes are 
shown to be stable and convergent. Enhanced accuracy at the nodes for suitably chosen 
collocation points (superconvergence) is established for a class of important problems. This 
paper gives also higher-order methods. 
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The purpose of this paper is to give a new fourth-order finite difference method based on 
uniform mesh for the (weakly) singular two-point boundary value problem (1). The present 
method is based on three evaluations of f. Our method is shown to provide 0( h4)-convergent 
approximations for all (Y E (0, 1); for (Y = 0 it reduces to the well-known fourth-order method of 
Numerov for y” = f(x, y). The method and its fourth-order convergence is illustrated by an 
example. 
2. The finite difference method 
For a positive integer N > 2, consider the uniform mesh over [0, l] : 
h = l/N. Let Y, =Y(x,& f, =fb,, _Q, etc. We start with the following 
Chawla and Katti [2]: 
Yk+l-Yk _ Yk -Y,-1 Ik’ I,- 
Jk J 
=-++ 
Jk Jk-l ) 
k = l(l)N - 1, 
k-l 
where 
and 
Jk = (x;+y - +“),I(1 - cx). 
Now, by Taylor expansion of f about xk, we obtain 
and 
1 xk+l 
A+ =- 
1.k J ( 
1-a Xk 
x’,SO; - tl-&)(t - xk)’ dt, i = 0(1)4, 
Alk = & Xk 
J ( 
tl --u - x’,:y )(t-xk)i dt, i=O(1)4. 
xk-l 
x,=kh, k=O(l)N, 
identity obtained in 
(2) 
(3) 
(4) 
(5) 
(6) 
Note that Az,k > 0, m = 0, 2, 4, Azk > 0, m = 1, 3, A; k < 0, m = 1, 3, and Jk > 0. With the 
help of (5) from (2) we obtain 
yk+l -Yk _ Yk- Y,-1 3 1 
Jk J = l;. +,kfl?) + +B4,kf’4’(‘&), 
k = l(l)N - 1, 
k-l 
(7) 
where tk E (xk-17 xk+l) and 
Bi,k = A:,/J, + A,;,/J,_,, i = 0(1)4. (8) 
Note that B,,, > 0, m = 0, 2, 4. 
M.M. Chawla / Singular boundary-value problems 361 
Now, in (7) replacing f; and f/ by their central difference approximations given by 
f,’ = fk+l2;fH - ih2f C3)( TJ,), 
and 
- 2f, +fk-1 f,” = fk+l h2 - &h2f ‘4’(&), 
(9) 
(lo) 
where q)7k, lk E (x&i, xk+l), we obtain 
-~~k~l+(~+~)~k-~~,+,+~(-B~,k+~B~.,l/,, 
J k-l 
+ $(h) = 0, k = lo- 1, (11) 
where 
‘kch) = - ih2Bl,kf(3)(T]k) + $B3,kfk(3) - &h2B2,kf(4)({k) + &B4,kf ‘“‘(~,). (12) 
We note that 
i+1 (-1)’ Al+k= Y& c 
,=oif2-ff-j dXkll 
i+2-a-j _ X;+2-a-j), i = 0, 1, 2, (13) 
and the Bi,k, i = 0, 1, 2, required in the discretizations (11) can be obtained from (8) with the 
help of (13) and (4). 
The discretizations given by (11) are the required discretizations of the singular two-point 
boundary-value problem (1). Note that each discretization is based on three function evaluations. 
Since for (Y = 0, BO,k = h, B,,, = 0 and B,,, = 6 “h3 therefore the method based on the discretiza- , 
tions (11) reduces to the well-known Numerov’s method for y” = f (x, y). In the next section we 
show that the present method based on the discretizations (11) does provide 0( h4)-convergent 
approximations for all (Y E (0, 1). 
3. O(h4)-convergence of the method for all a E (0, 1) 
Let D = (d,,) denote the tridiagonal matrix with 
d 
1 
k,k-1 = 
-- 
J ’ 
k=2(1)N-1’ ’ k 
d,,=f+-+, k= l(l)N- 1, 
k-l k-l 
d 
1 
k,k+l = 
-- 
J ’ 
k = l(1)N - 2. 
k 
Let P = ( pij) denote the tridiagonal matrix with 
k = 2(1)N - 1, Pk,k , =Bok- $B2,k, 
k = l(1)N - 1, 
Pk,k+l k = l(1)N - 2. 
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Also, let Y= (yl ,..., yNP1)=, F(Y) = (f, ,..., f,_,>‘, T(h) = (t,(h) ,..., tN_l(h))T and let Q = 
(qp..., qN- 1)T where 
A 1 
41=-&-2h 
1 
qN-1 = --- Bl,N-l + hB2,N-l f N, 4, = 0, i = 2(1)N - 2. 
Then the discretizations (11) can be expressed in matrix form as: 
DY + IV’(Y) + T(h) = Q. 04) 
Thus a method based on (14) provides approximation f for Y by solving the (N - 1) X (N - 1) 
system: 
IIf+ P$‘( f) = Q. 
Now, let E = f - Y. We may write F(f) - F(Y) = UE where U= diag{ ul, 
that uk > 0. Then, from (14) and (15) we obtain the error equation: 
(D + PU)E = T(h). 
From (6) and (4) it can be shown that for fixed xk and h -+ 0, 
1 , 
and 
Jk = hxi* l- +a$ + &(a + l)h2/x; + O(h3) , 1 
J k_l = hx;* 
[ 
1 + fa? xk + &I( a + 1) h2,‘x; + 0( h3) , 1 
and hence, 
B = (i+l;(i+2)hiil+O(hi+3), i=O,2,4, 
l,k 
I 
- (i+2)~+3)xkhi+2+O(h”4), i=l,3. 
With the help of (19) we obtain 
pk,k-1 = hh(l + +/2x,) + 0(h3), pk,k = sh + 0( h3), 
Pk,k+l = &h(l - ah/2x,) + 0( h3). 
Also, with the help of (18) we obtain 
(15) 
UN-1 }; note 
(16) 
(17) 
(18) 
(19) 
(20) 
d k,k-1 = - (l/h)x,“[l - ah/2x, + O(h’)], d,,, = (l/h)x;[2 + O(h*)], 
- (l/h)x;[l + ah/2xk + O(h’)]. 
(211 
d k,k+l = 
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It is easy to see that the matrices D and D + PU are both irreducible and monotone for 
sufficiently small h. Now, since D + PU> D, it follows that (D + Pllpl G Dp’. From (16) it 
therefore follows that 
II E II G II D-IT(h) II 2 (24 
in the uniform norm. The inverse D-r = (d;‘) of the matrix D is given (see [l]) by 
(23) 
Let /I be such that (Y + /S < 1. We assume that 
max xB 1 fc3) 1 G N 3’ 
OiXGl 
max xl+8 I fc4) 1 4 A$, 
O<x<l 
(24) 
for suitable positive constants N3 and N4. From (19) it follows that for fixed xk and h 
sufficiently small, 
Bi,k< (i+l;i+2,h’+‘, i=l, 3, IB,,, 
With the help of (24) and (25) from (12) it now follows 
I tk(h) I < Ch’x,‘-p, k = l(l)N - 1, 
where 
that for k = l(l)N - 1, 
C = &(2aN3 + N,). 
I < (i+2)t~+3)x,h’+2, i=l,3. 
(25) 
(26) 
Now, following arguments precisely as given in [l, p. 5631 we can show that 
]I E ]I < C*h4, 
where now 
(27) 
C*=Cmax 
i 
1 1 
i P(1 - a -P) ’ (1 - a>*e . 
We have thus shown that our present method based on uniform mesh described by (15) provides 
0( h4)-convergent approximations for all a E (0, 1). 
4. Numerical illustration 
To illustrate the present method and its fourth-order rate of convergence, we consider the 
following two-point boundary-value problem: 
(x~~‘)‘=sx~+~-~(sx~~~-(~+s-~))/(~+x~), O<x<l, 
y(O) = In $, y(l) = In f, 
(28) 
with the exact solution y(x) = ln(1/(4 + xS)). 
For this example, f = O(X~+~-*), x + 0, and 
xPf (3) x’+Pfw = qXa+P+s-5). 
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M.M. Chawla / Singular boundary-value problems 
N (Y = 0.25 0.5 0.75 0.95 
64 8.74 (-6) 1.40 (-5) 4.65 (-5) 5.91 (- 5) 
128 5.48 (-7) 8.83 (-7) 3.06 (-6) 4.22 (- 6) 
256 3.43 (-8) 5.56 (-8) 1.97 (-7) 2.87 (-7) 
512 2.14 (-9) 3.49 (-9) 1.25 (-8) 1.88 (-8) 
1024 1.33 (- 10) 2.18 (-10) 7.85 (- 10) 1.21 (-9) 
So, conditions for the fourth-order convergence of the method will be satisfied if 
(~+/3>5-s and cu+p<l. 
We computed the solution of the problem (28) by our present method (15) for the choice 
s = 5. In Table 1 we show the error-norm computed for (28) for values of (Y = 0.25, 0.5, 0.75 and 
0.95, and for a few values of N. The computed results do verify the fourth-order rate of 
convergence of our present method. 
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